Background: Optical indicators of cytosolic calcium levels have become important experimental tools in systems and cellular neuroscience. Indicators are known to interfere with intracellular calcium levels by acting as additional buffers, and this may strongly alter the time-course of various dynamical variables to be measured.
Background
The use of a fluorescent calcium indicator is a familiar technique for detecting dynamical changes in intracellular calcium levels [1] [2] [3] [4] [5] [6] [7] [8] . However, introduction of the indicator into the cytosol inevitably perturbs the time-course of free cytosolic calcium by acting as a buffer, thus altering the quantity to be measured. To address this, traditional approaches to quantifying free cytosolic calcium have often restricted the use of the indicators to minimal concentrations with minimal affinity. While this minimizes the perturbation of the free calcium signal, it leads to the problem of small signal-to-noise ratios.
As an alternative approach, we examine here the dynamical equations for this process in various parameter ranges in order to identify the conditions under which approximate solutions can be obtained, allowing calcium influx to be calculated directly from the fluorescence time course measurements. Knowing the calcium influx, the free cytosolic calcium can then be calculated as if there had been no indicator in the cytosol.
In the following, we will denote the temporal derivative of a variable dx(t)/dt by the symbol x'(t). Furthermore, we will use the following symbols with the units shown in Table 1 .
Results
Upon activation of a neuron, calcium influx α(t) leads to an increase of the cytosolic calcium concentration. Once inside the cell, calcium goes one of two ways: either it is cleared from the cell, in proportion to its concentration, at a rate γ, or it binds to an indicator with forward and backward binding rates k f and k b , respectively. Processes such as diffusion, internal buffering, and release from internal calcium stores or extrusion by calcium-sodium exchangers are not considered here. We call the free calcium concentration x(t) with an intracellular calcium indicator, and the concentration of indicator with bound calcium y(t). We call the total indicator concentration (free and calcium bound) y max . Thus, the free indicator concentration becomes y max -y(t). The concentration y max is the initial level of the free indicator dye immediately after injection in the case of synthetic dyes, or the total amount of indicator protein (calcium bound and free) in the case of genetically encoded indicators.
The following system of two coupled nonlinear ordinary differential equations describes the dynamics of the system:
(1) x'(t) = α(t) -γ·x(t) -y'(t) ( 
2) y'(t) = k f ·x(t)·[y max -y(t)] -k b ·y(t)
The first equation state that the rate of change of free calcium, x'(t), is driven by the calcium flux α(t) and depleted by the pump -γx(t) as well as the rate of change of indicator bound to calcium, -y'(t). The second equation states that calcium is bound to the indicator at a rate k f and is proportional to the concentration of free calcium, x(t), as well as to the concentration of the free indicator, y maxy(t). Calcium disassociates from the indicator at a rate k b and this dissociation process is proportional to the concentration of calcium bound indicator y(t).
For a constant calcium influx α(t) = α C , the steady-state solutions are (3) x ∞ = α C /γ, and (4) , or in terms of x:
.
In general, eqs. (1) and (2) can only be solved numerically. However, if the indicator concentration is negligible compared to the calcium concentrations, eq. (1) turns into a simple differential equation describing a 1 st order low-pass filter with time-constant 1/γ:
In other words: if there is no indicator present, and the pump rate is known, the unperturbed calcium concentration can be calculated as the low-pass filtered response to the calcium influx α(t).
Our approach will be to use eqs. (1) and (2) to determine the calcium influx α(t) in the presence of the indicator.
This tells us how much calcium flows into the neuron as a result of activation, and allows us to remove the action of the indicator mathematically. With α(t) known, we may use eq. (5) to determine the time-course of the unperturbed calcium concentration. As we will show in the following, this approach is feasible only within certain parameter regimes, but is not restricted to the linear regime. Nevertheless, we will start our considerations with an analysis of the linear regime.
The linear regime
To investigate the linear regime, we rewrite eq. (2) as
When x(t) is much smaller than the K D value of the indicator, eq. (6) becomes:
Combining the derivative of this with eq. (1) gives us
This is a linear ordinary differential equation with constant coefficients. The solution of the homogeneous equation is of the form y(t) = c·e λ·t , where λ satisfies the characteristic equation:
This has solutions λ 1,2 with the negative inverses τ 1,2 = -1/ λ 1,2 , which are time-constants given by The dependence of the time-constant with the larger absolute value, τ 1 , on the dimensionless parameters R b and R f , is shown in Figure 1a . The axes are logarithmic. As one can see, the larger we set R b , at fixed R f , the smaller is τ 1 , that is, the faster calcium is released from the bound indicator.
τ 1 is larger, at fixed R b , for larger R f ; in other words, the faster calcium is bound to the indicator (k f ) and the larger the initial indicator concentration (y max ).
For the case of a pulse of injected calcium current of sufficient length, we can obtain particular solutions for y(t).
For that, we insert into eq.
(8) and note the following initial conditions: y(0) = 0 and y'(0) = 0 for the rise of y(t) after the pulse is initiated, and
and y'(0) = 0 for the decay phase after the pulse is completed.
The initial increase of bound indicator from y(t) = 0, using After calcium influx has stopped, when α(t) = 0, the bound indicator decays to zero as
The time course of the indicator signal under these conditions is shown in Fig. 1b .
The goal of this paper is to use the dynamical equations to determine the α(t) associated with an observed indicator signal y(t), and then relate that to the free calcium concentration that would be associated with this α(t) when the indicator is absent. In the linear regime under consideration, we need to solve eq. (8) for α(t) to obtain From this α(t) the unperturbed time-course of the calcium concentration x*(t) can be calculated from (1) . It is the response of a 1 st order low-pass filter with time-constant 1/γ to the driving input α(t):
From eq. (15) it also follows that . This is expected as infinite indicator promptly binds all the available free calcium. So when the cell is overloaded, the indicator signal directly integrates the calcium influx: the influx can conversely be recovered by simply differentiating the indicator signal. This completes our discussion of the linear regime and we turn to the nonlinear equations again.
Approximate solution in the nonlinear regime
If we examine the nonlinear eqs. (1) and (2) we see that an approximate solution with small rate of change in the calcium bound to the indicator y'(t) is given by This is an exact solution when α(t) is constant, and x(t) and y(t) are at the fixed point discussed earlier. So, this might well be a good guess for an approximate solution of the overall equations. We discuss this in the appendix, and argue that as long as x(t) is bounded, perturbations to this solution decay back to it at a rate to be established there. Also, the variations in x(t) are required to be slow compared to the variations in the perturbations. This means the frequency of the low pass filter giving x(t) from the calcium flux should be smaller than the decay frequencies of the perturbation. The time constant for the low-pass filter is 1/γ.
If we use this solution, i.e. eq. (17), we have Substituting these terms in eq (1), we determine α(t) from the observed values of y(t) and y'(t):
once again allowing us to determine the effective calcium flux from observations of the indicator signal, related to y(t) as discussed below. The time course of the equivalent unperturbed calcium signal is determined as in eq. (16) . Note again that .
The critical question, of course, is under what circumstances this approximation is good. This requires the perturbation analysis in the appendix where we give the decay time constants (in dimensionless units) for small perturbations from the assumed solution (eq. (17)):
Here, X 0 is a positive constant. Both time constants are negative, indicating decay of a perturbation back to the assumed solution. These inverse time constants, in dimensional form, must be greater than the low pass filter time constant 1/γ for the free calcium concentration. This is true in the regime of large dimensionless forward and backward rates.
A numerical evaluation of the system of differential equations (eqs. (1) and (2)) is shown in Fig. 2 . As calcium influx α(t) we used a white-noise signal with a standard deviation of 5 μMol/sec that was subsequently filtered by a 1 st -order low-pass with 1 sec time-constant and finally rectified (Fig. 2a) . This signal was then fed into eqs. (1) and (2), using the following parameters: pump rate γ = 10 Hz, initial free indicator concentration y max = 1 μMol, indicator backward rate k b = 10 Hz and indicator forward 
rate k f = 10 Hz/μMol. With these parameters, the resulting time-course of the indicator-bound calcium is shown in Fig. 2b . As a comparison, we also show in Fig. 2b the indicator-bound calcium approximated by eq. (17) . Both curves closely agree. In Fig. 2c , the indicator-bound calcium is shown as a function of the free cytosolic calcium, once (in black) as obtained from numerical integration of eqs. (1) and (2), once (in red) using the approximation using eq. (17) . In this plot, certain deviations of the real signal from the approximate one can be observed. We subsequently quantified these deviations by calculating the root-mean-square of the difference between the real
Results of numerical integration of eqs. (1) and (2) Figure 2 Results of numerical integration of eqs. and approximated signals. We did that for a total of 10,000 pairs of the two kinetic parameters R b and R f as defined above. Note that the parameters used in the above examples correspond to the values R b = 1.0 and R f = 1.0. The result is shown in Fig. 2d . The contour plot indicates that the rms values are smaller, i.e. the approximation is better, for larger R b and R f values. This is in close agreement with the result of our perturbation analysis.
Including internal buffering
Our mathematical analysis, for the sake of simplicity, has so far excluded the existence of internal buffers. In the following, we introduce an additional variable z(t), denoting the calcium bound internal buffer. We also give a superscript to the rate constants with 'y' referring to the calcium bound indicator, and 'z' referring to the calcium bound internal buffer. Consequently, we call the total (free and calcium bound) buffer concentration z max . Writing down the basic dynamic equations gives:
Comparing these equations with our initial set (eqs. (1) and (2)), one realizes that an additional loss term has entered in eq. (21) to account for the calcium binding to the internal buffer. Eq. (22), which describes the binding to the indicator, is identical to eq. (2), and eq. (23) is a replication of eq. (2) with the buffer z substituting for the indicator y.
The steady-state solutions are:
Thus, the steady-state solutions for free calcium and calcium-bound indicator remain the same, no matter whether there is a buffer or not.
In the linear regime, the above equations reduce to the following system, now written in matrix notation for the sake of clarity:
The homogeneous part of this equation has the solutions k·e λt , where λ is an Eigenvalue of the matrix, and k the respective Eigenvector. The time-constants can, again, be obtained analytically from the characteristic (cubic) equation of the above matrix. The resulting expressions, however, are extremely lengthy and do not give any insight into the solution.
As a further step, we can also study the approximate solution in the nonlinear regime including an internal buffer. We use again the relationship from eq. (17): and From eq. (27), obtain the derivative z'(t):
We rearrange eq. (26) to obtain , and from that, calculate
x'(t):
Using eqs. (29) and (30), we now substitute x(t) and x'(t) in eq. (28) and obtain:
Now, we use eqs. (29), (30) and (31) and substitute in eq.
(21). Rearranging for α(t) gives:
Thus, the calcium influx can be determined in a manner similar to the situation without such a buffer (note how eq. (32) reduces to eq. (19) when z max becomes zero). In order to do so, one also has to know the total amount of calcium-bound and free internal buffer plus its binding constant.
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Removing the indicator y(t) from eq. (21) 
Discussion
In the work presented above we have derived, from first principles, the dependence of the time-course of the indicator signal on the calcium influx and the relevant properties of the indicator and the cell under investigation. In order to do so, we assumed that the system approximately follows its steady-state at every point in time (eq. (17)).
Under these conditions, we were able to calculate the calcium influx from the indicator time-course, no matter whether the free calcium concentration is in the linear or nonlinear range with respect to the binding constant of the indicator. Ignoring a cell-internal buffer system, this solution is represented by our eq. (19), from which the time-course of the unperturbed calcium concentration can be derived by a simple convolution with a 1 st order low-pass filter, the time-constant of which is given by the inverse of the pump rate, i.e. 1/γ. Importantly, by using perturbation analysis, we were also able to indicate the parameter regime within which this solution is valid.
We also included an additional cell internal buffer in our model. Using the same approximation as above, i.e. eq. (17), we could calculate the calcium influx from the indicator time-course (eq. (32)) and the time-course of the unperturbed calcium concentration under these conditions (eq. (33)). In contrast to the situation without internal buffer, the unperturbed calcium concentration does not follow the calcium influx as fed through a linear, 1 st order low-pass filter but, instead, is altered by the dynamic interaction to and from the cell-internal buffer. In this case, however, we could not indicate the parameter range within which our solution is valid.
It is straightforward to see how the above approach can be extended to include several buffer systems. Nevertheless, our current analysis ignores some of the complexity that real nerve cells exhibit, such as feed-back of the intracellular calcium level on to the membrane currents via calcium-dependent Ca-and K-conductances. While these can be included in numerical simulations of calcium dynamics, analytical treatment of the resulting equations are beyond the scope of the present paper and have to await future investigation.
Feasibility of the approach
To apply the approach outlined above to an experimental situation, one has to realize, first of all, that the indicator bound calcium (y(t) in our terminology) is not a parameter immediately being measured. Instead, what is immediately measured is a fluorescence signal. This is, of course, related to the indicator bound calcium, and the quantification of this relationship is given in Appendix II. Nevertheless, the application of our approach to an experimental situation, in particular in the nonlinear regime, has some shortcomings. First of all, application of eqs. (15) or (19) requires knowledge of parameters such as extrusion rate, initial indicator concentration etc. If these are not known, the calcium influx can-not be calculated. But even if all these parameters are known, the application of eqs. (15) or (19) is problematic since the indicator signal will be subject to noise. In this event, taking the first or second order derivatives of a measured signal will boost the noise, and-, dividing by small values of (y max -y(t)) 2 (when the bound indicator is saturating, i.e. approaching the initial free indicator concentration) will further lead to unstable solutions. Therefore, alternative approaches should be considered.
Alternative approach I: linear regime
One such alternative approach is applicable when the relationship between the membrane voltage and the calcium influx and the indicator signal is linear through all stages. While the first relationship, i.e. the one between membrane voltage and calcium influx, is in general not linear, one can either work with small membrane deviations around a potential where calcium channels are already activated, or use the number of action potentials of the actual membrane potential as the signal V(t). The method outlined below requires measuring the voltage signal V(t) and indicator signal y(t) simultaneously. Then we can determine the relationship between the voltage and the bound indicator time course, and from the latter determine V(t). If we know V(t), we can use an equation
for calcium dynamics to predict the calcium influx α(t).
In the linear regime we can do this by assuming that y(t) is given by a first order kernel g(t) in terms of V(t) (34) y(t) = ∫dt' g(t -t')V (t').
From several such example recordings, the optimal reverse filter g rev (t) can be calculated in the Fourier domain using the Wiener-Kolmogorov formalism if the calcium concentrations are small compared to the K D value of the indicator, i.e. when the system is in the linear regime. Under these conditions, the bound indicator concentration can
be calculated from the calcium influx as a convolution with the following so-called 'forward' filter g forw (t) (see eq. (13)):
Given that there is a linear relationship between membrane voltage and calcium influx, the problem of recovering the membrane voltage from indicator measurements is to find the optimal reverse filter, which can then be applied to all those situations where only the optical signal from the calcium-bound indicator y(t) has been measured. As can be shown, the optimal reverse filter g rev (t) is not the inverse of the forward filter that turns V(t) into y(t) (as done by Yaksi and Friedrich, [9] ), but rather the average cross-correlation between V(t) and y(t), divided by the power spectrum of y(t) [10, 11] . Denoting the inverse Fourier Transform by F -1 , y*(f) the complex conjugate of y(f) and the average across n trials by Ό..., the optimal reverse filter g rev (t) becomes:
Convolving each new optical signal y(t) with g rev (t) then results in the optimal estimate of the voltage signal, leading to a calcium influx and consequently to the optical signal of bound indicator. Clearly, the advantage of this method is that no parameters need to be known; the disadvantage is that enough dual measurements of membrane voltage and indicator need to be at hand to calculate the optimal reverse filter g rev (t). As another caveat, this method only works as long as calcium concentrations are in the linear regime with respect to the K D of the indicator and to membrane voltage. An example of a reverse reconstruction in the linear regime is shown in Fig.  3 . Here, the signal was created by Gaussian noise with an auto-correlation time-constant of 100 ms that was subsequently rectified. From this influx, the calcium bound indicator concentration y(t) was numerically determined using eqs. (1) and (2) ward filter to α(t), the signal shown in red in Fig. 3c was obtained. Applying the reverse filter to y(t), the signal shown in red in Fig. 3a was obtained. Note that while the forward filter leads to an output that is almost indistinguishable from y(t), the reverse filter can only reconstruct the low-frequency components of α(t), since high frequency components are covered by noise in the individual response trials.
Alternative approach II: nonlinear regime
If either of the two relationships, i.e. the one between membrane voltage V(t) and the calcium influx α(t) or the one between α(t) and bound indicator y(t) (due to a high calcium level with respect to the K D value of the indicator) is nonlinear, the above method will lead to erroneous results. In such a nonlinear regime we must use a different approach. Here, too, we must measure the indicator signal y(t) and the membrane voltage V(t) simultaneously. In the reconstructed state space [12] of the voltage measurement we can fully describe the state of the system (neuron plus indicator) using the voltage and its time lags, or we can use the indicator signal and its time lags. If we do the latter, we create data vectors
where the number of lags D and the time lag τ are respectively determined by the method of false nearest neighbors and by average mutual information. For every U(t) there is an associated indicator signal V(t), and since we have already totally characterized the state of the neuron by U(t) there must be a nonlinear relationship V(t) = f(U(t)). We can discover this nonlinear relation from the simultaneous measurements of y(t) and V(t), then, just as in the linear case, map new measurements of y(t) to allow us to predict V(t).
The method requires determining f(U(t)).
To accomplish this, we represent f(U) in terms of some basis functions chosen by the user: φ m (U), and write
In the state space of the U's, each state vector has many neighbors U (l) (t); l = 0,1...,N B ; U (0) (t) = U(t). Each of these 
Reverse reconstruction of the calcium influx from the indicator signal Figure 3 Reverse reconstruction of the calcium influx from the indicator signal. a: Calcium influx α(t) (in black) together with the reconstructed influx (in red). b: Optimal forward filter g forw (t). c: Average time course of calcium-bound indicator y(t) (in black), reconstructed signal (in red), and 12 individual indicator signals (in grey). d: Optimal reverse filter g rev (t).
neighbors maps into a voltage V (l) (t) = f(U (l) (t)). At any given time, corresponding to a location in U space, we can determine the coefficients c m by minimizing the least squares form This establishes the map V(t) = f(U(t)) locally in U space. Now we make a new measurement of y new (t). Use this to create a new D-dimensional data vector U new (t) = [y new (t),
Search among all the data vectors in the initial training set and find the one is closest to U new (t); suppose it is U(t'). Then using the local map attached to U(t') we predict From the time course of new measurements y new (t), we are thus able to use the learned map to predict the time course of the new membrane voltage V new (t), which was our goal.
Relationship to previous studies
Previous studies on calcium binding mainly considered steady-state situations or the linear case, i.e. that calcium concentrations are small compared to the dissociation constant K D of the indicator [13;14] . In particular, a number of studies investigated the diffusion of Calcium ions in the presence of buffers [15] [16] [17] [18] [19] . However, none of these interesting papers focused on the time dependent nonlinear kinetics without diffusion or addressed the temporal stability of our eqs. (1) and (2) for the approximate linear or the approximate nonlinear solutions that we derived above.
Our study can be related to these previous investigations when we combine our approximation about the dynamics of the system without internal buffer (eq. (17)) with the condition of small free calcium concentration. Thus, eq. Repeating the above for the situation with an internal buffer, eq. (42) remains unaltered. In a similar way, we derive from eq. (27) , and from that Substituting eqs. (42) and (46) Neher and Augustine [21] defined the calcium binding capacity as the ratio of the change in bound indicator concentration over the change in free Calcium:
For the linear case, i.e. when the calcium concentrations are small compared to the dissociation constant K D , this quantity is identical to y max /K D , as can be derived from eq. 
. ϕ (42) . For the nonlinear case, i.e. when the calcium concentrations are large compared to the dissociation constant K D , we first derive from eq. (17) Using eqs. (17) and (50), the calcium binding capacity becomes:
This, again, is identical to eq. (3) in [20] .
In their study on Calcium diffusion, Naraghi and Neher [17] investigated a linearized mathematical model of diffusion and kinetics. For one buffer their results are contained in their eqs (AII.9) and (AII.10). This corresponds to our analysis when one sets the calcium source, our α(t), and our kinetic loss terms for free calcium, our -γ x(t), both to zero, accounting for the zero eigenvalues they report. Majewska et al. [19] for diffusion over a cellular scale to be about 3 ms which is much shorter than the kinetic time constants we consider or are discussed by Majewska et al. [19] . This gives our rationale for ignoring diffusion and focusing on properties of the nonlinear kinetics.
Appendix I: perturbation analysis of the nonlinear solution
We begin by making eqs. (1) and (2) dimensionless. There are three quantities with the dimensions of (time) -1 : k b, γ , and k f y max . We express our indicator kinetic equations in terms of the two dimensionless variables which can be made from these
We also scale x(t) and y(t) with the initial indicator concentration y max and the time by the pump rate γ:
Thus, in these new dimensionless variables, free calcium and calcium-bound indicator concentrations are given as fractions of the initial free indicator concentration, and the forward and backward rates are given relative to the pump rate.
The kinetic eqs. (1) and (2) now become:
We chose as an approximate solution of these equations functions for which This solution is suggested by the vanishing of the right hand side of eq. (A4) as well as by the fixed point solution, true when X(t) is time independent. Another motivation for this approximate solution is that when both R b and R f are large, the right hand side of eq. (A4) would make the rate of change of the calcium bound indicator vary quite rapidly unless the balance indicated by eq. (A5) were maintained.
To determine when this solution is accurate, we make perturbations 
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